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Aerodynamic Shape Optimization Using Computational Fluid
Dynamics and Parallel Simulated Annealing Algorithms

X. Wang¤ and M. Damodaran†

Nanyang Technological University, Singapore 639798, Republic of Singapore

Aerodynamic shape design using stochastic optimization methods, such as simulated annealing method to op-
timize objective functions evaluated by modern state-of-the-art computational � uid dynamics solvers, normally
requires enormous computation time to search for the global optimal design. Aerodynamic shape optimization
of internal � ow systems is studied using Euler/Navier–Stokes solvers and parallel simulated annealing algorithm,
which is implemented on parallel computing platforms. A variety of inverse and direct design of internal � ow
systems are carried out to examine the ef� ciency and speedup of the parallel simulated annealing algorithms. The
results demonstrate that parallel simulated annealing can be a feasible global optimizer for aerodynamic shape
design resulting in considerable reductions in wall-clock time on multiple processors.

Introduction

A ERODYNAMIC shape design in the context of multidisci-
plinary optimization design (MDO) has been extensively in-

vestigated in the recent past using computational � uid dynamics
(CFD) as outlinedby Sobieszczanski-Sobieski and Haftka.1 In view
of the enormouscosts associatedwith computingthe objectivefunc-
tion using stochasticoptimizationmethods, deterministicoptimiza-
tion methods based on the gradient-based methods and sensitivity
analysishavebeenfavoredbymany researchers,suchas Franket al.2

However, whereas deterministicmethods allow the generationof an
improved design, these methods do not always lead to a global op-
timum and often restrict the design space to conventional designs.
In the traditional deterministic gradient-based methods, the design
is updated iteratively in the direction of the steepest descent from
the initial design guess (the hill-climbingstrategy). Many variations
of gradient-basedmethods have been widely used because the opti-
mum obtained might be a global optimum if the objective function
and constraints are differentiableand convex. In practice, however,
it is very dif� cult to prove these properties.Deterministicoptimiza-
tion methods are ef� cient in � nding the minima of continuously
differentiable problems for which suf� ciently accurate derivatives
can be estimated at reasonable cost. The smoothness requirement
and the need for derivatives are clear disadvantages in addition to
that these methods locate local, rather than global, minima. De-
terministic methods also expends work in constructing sensitivity
analysismodels in design problems using CFD. Sensitivityanalysis
have been used in aerodynamic shape design extensively in recent
years. Unlike applications in structures and control systems, sensi-
tivity information cannot be easily extracted from CFD codes, and
this poses the main obstacle for using gradient-based methods in
developing tightly coupled solution methods for MDO.

One alternativeto overcomethe limitationsof deterministicmeth-
ods is to use stochastic optimization methods, such as simulated
annealing (SA), which is a robust method for searching the global
minima and is easy to implement. With the advent of advanced
computer architectures, it is imperative that the associated compu-
tational costs and time in the application of stochastic algorithms
can be reduced by using parallel computing. The present study ad-
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dresses the issue of developingrobust computationalmethodsusing
parallel SA (PSA) methods for global optima in the design space in
conjunction with CFD methods for Euler or Navier–Stokes equa-
tions, which are used to compute the objective functions.A variety
of aerodynamic shape design problems such as inverse designs and
direct design problems for high-speed internal � ow systems, such
as nozzles and diffusers, are studied to demonstrate the feasibility
of using PSA as a feasible optimization method. The study also
focuses on the implementation of the PSA algorithm on a parallel
computerand presents the speedupand ef� ciencyof implementinga
problem-independentPSA method on a shared memory SGI Origin
2000 architectureof a multiprocessor computer and using message
passing interface (MPI) library on the machine to parallelize the op-
timum design of selected internal aerodynamic � ow systems using
advancedCFD. Although the methodsdevelopedin this study focus
on a single discipline setting, the effort in principle can be extended
to scenarios involving complex MDO problems.

PSA Algorithms
SA is a heuristic strategy for obtainingnear optimal solutionsand

derives its name from an analogy to the annealing of solids and is
based on a mathematical model of the behavior of large collections
of atoms or molecules under the in� uence of changes in tempera-
ture. The steps of the standard SA, that is, sequentialSA, algorithm,
as given in Appendix A, consists of a concise description of the
system’s con� guration, design of a random generator of moves or
rearrangementsof elements in a con� guration, a method for deter-
mining how good a particular con� guration is at any given instant,
and an annealing schedule specifying how quickly the system is
quenched. During the process, the best rearrangements correspond
to those that lower the energy of the system. The essential features
of the basic SA method for optimizing complex engineering prob-
lems are outlined by Aarts and Korst3 and Deb.4 Several variants
based on some appropriate modi� cations to the basic SA, such as
Ingber’s adaptive SA,5 ensemble approaches of Ruppeeiner et al.,6

and hybrid algorithms of Desai and Patil,7 which combine SA and
local search algorithms such as genetic algorithms (GA), also of-
fer alternative improved algorithms for searching the global opti-
mum economicallyand ef� ciently.The main disadvantageof SA is
the enormous expenditure of computational resources for objective
function evaluations for large-scale engineering design problems.
In view of this feature, the current investigation addresses the is-
sue of developing robust computational methods for using PSA in
conjunction with CFD, which is used to evaluate the design objec-
tive functions for the test problems that are considered in this work.
Gallego et al.8 has shown that the parallel implementationof SA not
only results in speedup, but also increases the chances of searching
for the global optima. Bhandarkar and Machaka9 have discussed
many different parallel schemes of SA. A systolic method was
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proposed by van Laarhoven and Aarts.10 The speculative method
of Witte and Franklin11 has shown some promise for � ne-grained
multiple processors but not for coarse-gained computer systems.
The divisions algorithm of Aarts and Korst3 and the three paral-
lelization strategies of Diekmann et al.12 are also widely used. In
view of the various features of these PSA, the divisions algorithm
and cluster algorithm are selected for the present study. The divi-
sions algorithm uses a control parallelism strategy and is imple-
mented by dividing the effort of generating a Markov main chain
among the available processors.The main chain, used in sequential
SA, is divided into p subchains with the same length, where p is
the number of processors. Each processor works on the subchain
and continues the generation of the subsequent subchain. Before
updating the temperature, a new subchain is obtained by choosing
the best solution from the processors. This procedure is referred to
in this study as PSA1. The clustered method functions ef� ciently
at lower temperatures as mentioned by Bhandarkar and Machaka.9

The PSA1 algorithm can be further enhanced by incorporating the
clustered method in the lower temperature regions of the annealing
process,and this is referredto as PSA2 in this study.The algorithmic
details for implementing PSA1 and PSA2 are outlined in Appendix
B. When the acceptance ratio Rt (de� ned as the ratio of the number
of the accepted moves to the number of all of the search moves) is
lower than a certain value (range of value chosen in this study is
0.4–0.6), the values of the objective function is gathered at the end
of each search step, and the solution is chosen randomly from the
accepted cost functions. The implementation of the two methods,
that is, PSA1 and PSA2, for the design optimizationof aerodynamic
shapes is described in the subsequent sections. Recent tests of PSA
(PSA2), parallel GA (PGA) and parallel genetic SA (PGSA) on the
minimization of test functions done by the authors13 show that on
a coarse-grained parallel computer the PSA functions better than
PGA and PGSA in reducing evaluations of objective function for
each processor and wall-clock time.

Flow Analysis Models for CFD
Numerical methods solving the Euler and Navier–Stokes equa-

tions are used for computing the � ow� eld in which the computation
to steadystate is initiatedfrom a set of initial conditionsbya suitable
time-marchingalgorithm. As a variety of one, two, and axisymmet-
ric high-speed � ow systems are of interest in this study, the numeri-
cal solutionof one-dimensionaland two-dimensional/axisymmetric
compressible � ow equations at high Mach numbers forms the basic
analysis tool for the � ow� eld inside a given con� guration.The one-
dimensionalEuler equationsare solved by a quasi-one-dimensional
� ow solver, which takes the form

@ [S.x/Q]
@t

C @E
@x

¡ H D 0 (1)

where S.x/ is the cross-sectionalarea and Q; E; and H are the � ow
variables,� ux vectors,and source terms, respectively.The detailsof
the various terms and the numerical scheme solving the equations
are outlined by Hoffmann and Chiang.14 Here Eq. (1) is numer-
ically solved by the Steger–Warming upwind scheme [� rst-order
total variation diminishing (TVD)] for supersonic � ows.

The unsteady two-dimensional/axisymmetric Euler/Navier–
Stokes equations in nondimensionalform and computational space
take the form

@Q
@¿

C @.E ¡ Ev /

@»
C @.F ¡ Fv/

@´
C ®.H ¡ Hv/ D 0 (2)

where the switch ® D 0 represents two-dimensionalplanar � ow and
® D 1 represents axisymmetric � ow. Ev; Fv; and Hv are the viscous
� ux whose exact forms are outlined by Hoffmann and Chiang.14

If the viscous � uxes are zero, then the from reduces to the two-
dimensional/axisymmetric Euler equations.

These equationsare solvedby the lower–uppersymmetricGauss–

Seidel implicit scheme proposed by Yoon and Jameson,15 and for
enhancingthe convergenceand improving resolution, the scheme is
extended using the TVD scheme of Yee and Harten.16 The code has
been veri� ed for a number of benchmark test problems in Ref. 17,

and a simple algebraic turbulence model such as the Baldwin–

Lomax turbulence model is used in the present study for viscous
� ows. Improved turbulence models can be used for further investi-
gation in the future.

Aerodynamic Shape Optimization
of Internal Flow Systems

In this section, theapplicationofPSA algorithmsPSA1 andPSA2
and the CFD methods outlined earlier for the design of optimal
shapes of nozzles and diffusers is outlined. The design test cases,
which cover a wide range of � ow dimensionality and CFD mod-
els, are described brie� y � rst and then immediately followed by
results and discussions based on the computational simulation and
optimization. The computationshave been performed on the paral-
lel computing environment of the SGI Origin 2000 computer sys-
tem. Comparative studies done by the authors18 show that using
the MPI library19 is more ef� cient than using automatic paralleliza-
tion compilers20 for implementing the PSA1 and PSA2 on parallel
computers.

Design Case 1: Diffuser Shape Design
This test case is concerned with optimizing the shape of an ax-

isymmetric diffuser for which the design � ow� eld condition and
the pressure distribution along the centerline are de� ned. The aim
is to � nd the shape of the diffuserwall or cross-sectionalarea distri-
bution along the � ow direction that will satisfy the de� ned design
� ow condition. The objective function that has to be minimized is
expressed in normalized form as follows:

F.X/ D 1

½0u2
0

.P ¡ Pt /
2 dx (3)

where Pt is the target pressure distribution,which is speci� ed, P is
the initial or evolving pressuredistributionde� ned along the length
of the diffuser centerline, ½0 is the density, u0 and P0 are in� ow
velocity and pressure, respectively, which are taken as reference
values for scaling � ow quantities in internal � ow simulations us-
ing CFD analysis and X is the vector of design variables, that is,
X D .x1; x2; : : : ; xn/. Here the task is to minimize the square of the
differencebetweenthe targetanddesignpressure.The Machnumber
of the supersonic � ow entering the diffuser at the in� ow boundary
is 1.5. This problem is a representative design problem where the
objective function is nonsmooth in view of the presence of a shock
wave. To start the designprocess,the targetpressuredistributionand
an initial shape of the diffuser must be speci� ed. The target pres-
sure is that de� ned for a diffuser that is generated by the following
distributionof cross-sectionalarea S.x/ along the length of the dif-
fuser: S.x/ D 1:398 C 0:349 tanh.0:8x ¡ 4/. Assume that the local
cross-sectionalarea of the diffuser is a circle, then the local radius
of the diffuser cross section can be computed from the local value
of the cross-sectional area. The initial shape of the diffuser is that
of a conical frustrum obtained by connecting the radii at the in� ow
and out� ow boundaries with a straight line. To initiate the design
minimization process, the nozzle shape must be de� ned in terms
of design variables. The curve de� ning the shape of the diffuser is
parameterized by Bernstein basic functions as by Faux and Pratt21:

Y D 66
i D 0

6!

.6 ¡ i/!i !
u i .1 ¡ u/6 ¡ i xi (4)

where Y is the radius of diffuser and xi denotes the position vec-
tor and taken as the design variables in the optimization process.
The range 0 · ui · 1, which can be de� ned as x=L, where L is the
interval over which the Bernstein basic function is applied. In this
example corresponding to a diffuser that is 10 ft long, the � rst and
secondBernstein functionsare ui D x=5 and u i D .x ¡ 5/=5, respec-
tively. For i D 0–6, these two functions have a total of 14 variables,
with � xed radii at inlet x0 and outlet x14 and at the point where
the two functions are blended, x6 D x7. Hence, the diffuser shape
can be de� ned with the 2 functions and 11 design variables. For
this case, the CFD analysis is based on the quasi-one-dimensional
Euler equations for inviscid nonlinear compressible � ow, that is,
Eq. (1). The inverse design of the diffuser is carried out using PSA
algorithms PSA1 and PSA2. The target pressure and the � ow� eld
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corresponding to the diffuser shape de� ned by Eq. (4) is computed
on 51 uniformly distributed points along the � ow direction and for
the speci� ed design values and in� ow conditions using the Euler
equations. PSA is used to minimize the objective function until the
desired shape of the diffuser is attained. By comparing the � nal
shape of the designed diffuser with the shape corresponding to the
target pressure distribution, it is possible to make assessments on
the effectivenessof the PSA.

Results and Discussion of Design Case 1
A comparison between PSA1 and PSA2 is performed to assess

their feasibility and effectiveness in the diffuser shape design. For
this case, the variousSA tuning parameters are chosen such that the
initial cooling temperature is set to a value at which the initial cool-
ing acceptance ratio is greater than 0.95 and the main length for the
cooling scheme is � rst tested and taken to be as short as possible on
a singleprocessor.The length of the main chain is chosen to be 80N ,
where N is the number of the design variables. A constant cooling
scheme, that is, Tk C 1 D ° Tk , is prescribed with ° D 0:1. Based on
reported work in the literature, such as Aly et al.,22 and experience
in applying SA for aerodynamicdesign optimization problems, the
value of ° is chosen to vary between 0.30 and 0.05. The parame-
ter Rt has a value ranging between 0.5 and 0.6. PSA1 and PSA2
are implemented using MPI library functions. Because many mul-
tiprocessorson the SGI machine are used for the implementationof
the PSA1 and PSA2 algorithms, the termination criteria to stop the
program is de� ned such that when the objective function reaches a
value that is less than Fmin D 1:4E¡4 based on the collected results
from all processors the computation is terminated. Figure 1a com-
pares the initial shape and the � nal optimized shape of the diffuser,
which is compared with the shape of the diffuser corresponding
to the target pressure distribution speci� ed for this inverse design
problem. Figure 1b compares the target pressure distribution, the
pressure distribution corresponding to the optimized diffuser, and
the starting pressure distribution corresponding to the initial shape
of the diffuser.The solid lines in Figs. 1a and 1b representthe targets
that the � nal designs ought to converge to after the application of
PSA algorithms PSA1 and PSA2. It can be seen from Figs. 1a and
1b that PSA has done a good job in carrying out the inverse design
problem.

Figure 1c shows the convergencehistories of the objective func-
tion as it gets minimized from its initial values to the � nal designed
value,whichshouldcorrespondto zeroas a resultof usingsequential
SA (SSA) on a single processor and the PSA algorithms PSA1 and
PSA2 on 32 processors.The convergencehistory shown is recorded
from the processor 0 for simplicity. Because the processors are run-
ning simultaneously, each processor will have the same number of
evaluationsof objective function and have the same objective func-
tion value at the end of each subchain, that is, at the end of loop 1
in Appendix B. As the number of processors is increased, the eval-
uations of objective function for each processor and the wall-clock
time is reduced. It can be seen that the number of iterations to reach
the � nal optimal design shape according to the termination criteria
reduces 10-fold, if MPI is used to implement PSA instead of the
SSA on the SGI machine. This shows the bene� ts of using MPI for
this problem both in terms of reduction in the number of iterations,
which saves the cost of CFD calculations for evaluating objective
functions for each design iteration, and also the tremendous reduc-
tion in the turnover time.

Figure 1d compares the variation of the wall-clock time tp with
the number of processors p for PSA1 and PSA2. Figure 1e com-
pares the variation of the number of evaluations, M p; of the ob-
jective functions on each processor vs the number of processors
for both PSA1 and PSA2. It appears that the PSA algorithm PSA1
shows ef� cient speedup if 1–16 processorsare used in the computa-
tional task and also registers a reduction in the wall-clock time from
4 to 0.55 h. This also shows that using 32 processors will result in
only marginal bene� ts because the wall clock time has reduced to
0.47 h. The reason for this is that, by increasing the number of pro-
cessors, the length of the chain is reduced to a limit value for which
the performance of PSA will no longer be enhanced as the com-
putational overhead increases. It can also be seen that the number

of function evaluation decreases for each processor if more pro-
cessors are used in the computation. It can also be seen from Fig.
1e that the PSA algorithm PSA2 reduced Mp from over 6000 on
single processor to around 500 for each processor while program
runningon 32 processors.It can be seen that on 32 processorsPSA2
fares better than PSA1. The speedup (Sp D t p=t1) using PSA1 on 16
processors is 7.3 whereas that using PSA2 is about 8.6. The ideal
speedup is de� ned by Spi D Mp=M1 and is compared in Fig. 1f. It
can be seen that the communicationoverhead(obtainedby subtract-
ing real value from ideal value) of PSA2 is higher than PSA1. In
view of this, all subsequent design problems are optimized using
PSA2.

Design Case 2: Tunnel Wall Design
Design case 2 shows the feasibilityof using PSA for solving two-

dimensional shape optimization problems on multiple processors.
The two-dimensional solver for the Euler equations is used for the
shape design of the lower wall of a converging nozzle inside which
there is high-speedcompressible� ow. The initial shape of the lower
wall is a straight line and oriented like a wedge (see Fig. 2a). The
top wall is parallel to the direction of � ow along the x direction.
The shape of the bottom wall, which looks like a wedge, generates
a strong re� ective shock wave between bottom and top walls. The
task at hand is to redesign the shape of the lower wall to eliminateor
weaken the shock wave. Because it is not possible to have a priori
knowledge of the type of target (desired) pressure distribution Pt

corresponding to a pressure distribution, which does not create a
shock at the lower wall, basic theory of gasdynamics states that a
compressible � ow past a gradually turning wall (compressive cor-
ner � ow) can produce very weak shocks. This forms the basis for
the selection of the target pressure distribution by computing the
compressible� ow past the lower wall, which varies as y D x3:5 . For
this case, the objective function is de� ned as

F.X / D 1
P0

.P ¡ Pt /
2 dx (5)

where P0 is the pressure at the in� ow. The integration of the differ-
ence between the target and design pressure distribution is calcu-
lated along the bottom wall line, where the shock effects are felt the
strongest. The in� ow Mach number is 2.2. The shape of the lower
wall is represented by cubic splines as by Press et al.23 The goal
of cubic spline interpolation is to obtain an interpolation formula
that is smooth in the � rst derivative and continuous in the second
derivative, both within an interval and its boundaries. Four design
variables are chosen for the design optimization, namely, two � rst
derivativesat the inlet and outlet boundaries and two height param-
eters, y1 and y2 at x1 D 5:0 and x2 D 8:0, respectively. The Euler
equations from Eq. (2) are solved numerically for calculating the
objective function.A structuredgrid of 101 £ 40 grid points is used
for computing the target � ow� eld and the � ow calculation for each
evolving design shape until the � nal shape is attained.

Results and Discussion of Design Case 2
For this case, the SA tuning parameters appearing in the cool-

ing schedule of SA are altered such that ° D 0:15 and the tolerance
criterion is set at Fmin D 4:0E¡2. The length of the main chain is
20N . The initial shape of the lower wall of the nozzle and the com-
puted � ow� eld, which contains a strong oblique shock wave that
is re� ected off the top wall, are shown in Fig. 2a, which shows the
contours of the normalized pressure in the � ow� eld. This � ow� eld
is the starting � ow� eld condition used for initiating the design pro-
cess so that the algorithmPSA2 can � nd the shape of the lower wall
that will eliminate the shock wave for the same � ow conditions.
Figures 2b and 2c, respectively, compare the optimal shape and the
surface pressuredistributionon the lower wall computedby the par-
allel PSA2 algorithm with the wall shape and pressuredistributions
correspondingto the initial and target � ow conditions.It can be seen
that the PSA2 algorithm has designed an optimal lower wall shape
that has a close agreementwith the target � ow conditions.Figure 2d
shows the contours of the normalized pressure in the � ow� eld cor-
responding to the � ow past the optimized lower wall shape for the
same � ow conditions showing the elimination of the strong shock
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Fig. 1a Diffuser contour.

Fig. 1b Pressure distribution.

Fig. 1c Convergence history (case 1).

wave from the � ow� eld. The computation also shows that the num-
ber of evaluations of the objective functions decreased remarkably
from 653 on a single processor and on a multiprocessor for each
processor to 185 on 4 processors, to 77 on 8 processors, to 41 on
16 processors, and to 33 on 30 processors. The convergence his-
tory of the optimization by PSA2 algorithm (based on information
gleaned from processor 0) on 1, 4, and 16 processors is shown in
Fig. 2e. Figure 2f shows the convergencehistory on four processors

Fig. 1d Wall-clock time (case 1).

Fig. 1e Evaluations of the objective function vs number of processors
(case 1).

Fig. 1f Speedup for case 1.

based on the information from each of the processors from proces-
sor 0 to processor 3. The minor differences that exist in the initial
stages of the optimization in the convergence histories recorded in
each processor result from different random searches (as a result of
different random seeds) conducted in each processor.However, the
� nal evaluation of objective function and the optimized result are
the same for each processor. Figure 2g shows the wall-clock time
and speedup attained from using 4, 8, 16, and 30 processors for this
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Fig. 2a Initial � ow� eld and shape of the lower wall (case 2).

Fig. 2b Optimized shape of the lower wall (case 2).

Fig. 2c Surface pressure distribution on the lower wall.

calculation.It can be seen that the wall-clock time has been reduced
from35h on singleprocessorto around2.2h on16 processorsand to
1.8 h on 30 processors.The speedup reaches 15.8 for 16 processors
and 19.5 for 30 processors. Based on these observations, it can be
concluded that PSA is a promising method for design optimization.
It appears that the number function evaluationscan be reduced to a
reasonable value, which can compete with the economy offered by
deterministic local methods.

Fig. 2d Optimized � ow� eld and shape of the lower wall (case 2).

Fig. 2e Convergence history of the objective function for case 2.

Fig. 2f Convergence history on four processors for case 2.
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Fig. 2g Wall-clock time and speedup (case 2).

Fig. 3a Initial � ow� eld and shape of the nozzle (case 3).

Design Case 3: Axisymmetric Nozzle Design A
Recent applications of the Navier–Stokes (NS) solver in the de-

sign of hypersonic wind-tunnel, scramjet, ramjet, aerospike, and
rocketnozzle,as by in Korte and Kumar24 and Hussaini and Korte,25

show remarkableadvantagesover traditional classicaldesign meth-
ods based on low-order physics. Design case 3 is concerned with
the design of a nozzle shape using an NS solver, which maximizes
the thrust of a supersonic axisymmetric nozzle. Here the objective
function is simply de� ned as

F.X/ D .P=P0/ dS (6)

where between the grid points i and i C 1, the area dS D
¼.y2

i C 1 ¡ y2
i /. The integration is evaluatedalong the surface of noz-

zle wall. The � ow� eld is calculatedby numerically solving the full
NS equations in Eq. (2). A structured grid of 101 £ 40 grids with
clusteredgridsnear the nozzlewall surface is used for the CFD anal-
ysis. The in� ow Mach number is 4.84 and Reynolds number based
on diameterof inlet is Re D 1:35EC8. The valuesof the radii are 0.5
m at the inlet cross sectionand 1.0 m at the exit. The lengthof nozzle
is 2.52 m. The curve de� ning the shape of the nozzle is represented
by cubic splines. Four design variables, namely, inlet expansion
half-angle ®1, radii y1 and y2 at x1 D 0:5 m and x2 D 1:5 m, and
outlet expansion half-angle ®2 of the nozzle wall, are used for the

Fig. 3b Optimized � ow� eld and shape of the nozzle (case 3).

Fig. 3c Convergence history of the objective function for case 3.

Fig. 3d Wall-clock time and speedup (case 3).
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shape optimizationprocess.Note that maximizationof a function is
done by the minimization of its reciprocal.

Results and Discussion of Design Case 3
The PSA2 algorithm is used for the optimization, and the ter-

mination criterion for the convergence is set such that the residual
jF.X/i C 1 ¡ F.X /i j · 1:0E¡3; i D n and n C 1, is satis� ed (where
n is the optimizationsearch iteration). The parameter° for the cool-
ing scheduleis set to be 0.25, and the lengthof the main chain is 8N .
This case is the most computationally intensive of all three of the
casesbecausethisis directdesignproblemand theobjectivefunction
is evaluatedusing the CFD solver forNS equations.For comparative
purposes, the same values of the parameters®1 D 25 deg, y1 D 0:64,
y2 D 0:92, and ®2 D 1:0 deg are chosen for the optimization proce-
dure on multiple processors.

Figure 3a shows the computed local pressurecontoursof the orig-
inal nozzle shape,which is deliveringa certain amount of thrust and
corresponds to the starting � ow� eld for the optimization studies.
Figure 3b shows the computed � ow� eld corresponding to the op-
timized nozzle shape, which has been designed from the original
shape to satisfy the thrust delivery constraint.Comparison between
Figs. 3a and 3b shows that the optimized nozzle has higher pres-
sure at the entrance and a slightly lower pressure in the region near
the exit, and this results in a higher thrust on the whole nozzle. The
computationalso shows that the numberof objectivefunctionevalu-
ations requiredhas been reduced from 385 on a single processorand
on a multiprocessor for each processor to 81 on 4 processors, to 45
on 8 processors, to 28 on 16 processors,and to 15 on 30 processors.
The convergence histories of the optimization by PSA2 algorithm
on 1, 4, and 16 processorsare shown in Fig. 3c. The wall-clock time
andspeedupare shown in Fig. 3d,which shows the remarkablegains
in speedup. This case further proves that satisfactory speedup can
be achieved on multiple processors for both inverse design in cases
1 and 2 and direct design in this case. When compared with the
optimized objective function, it can be observed that the optimized
result on 16 or 30 processors is slightly better than that obtained us-
ing a fewer number of processors;the maximized objective function
is 1.3990 on 30 processors and 1.3256 on 16 processors compared
to 1.2906 on 8 processors, 1.2910 on 4 processors, and 1.2907 on 1
processor. The results shown in Figs. 3 are based on a grid size of
41 £ 101.

Design Case 4: Axisymmetric Nozzle Design B
This case is the same as case 3, except that the objective function

is de� ned as

F .X/ D .½u2 C P/ dS (7)

where F.X/ is normalized by the in� ow condition ½0u2
0 . The inte-

gration is done on the cross-sectional area at the nozzle exit. The

Fig. 4a Initial � ow� eld and shape of the nozzle (case 4).

Fig. 4b Optimized � ow� eld and shape of the nozzle (case 4).

Fig. 4c Convergence history of objective function for case 4.

Fig. 4d Wall-clock time and speedup (case 4).
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a) Case 1

b) Case 2

c) Case 3

Fig. 5 In� uence of grid size on the values of selected objective functions.

� ow� eld is simulated using the same nozzle parameters as case 3,
but the in� ow Mach number is 1.2 and Reynolds number based on
diameter of inlet is Re D 2:79EC7.

Results and Discussion of Design Case 4
The termination criterion for the convergence is set such that,

if the residual jF.X /i C 1 ¡ F .X /i j · 1:0E¡4, i D n and n C 1, is
satis� ed the process stops. The parameter ° and the length of the
main chain are the same as in case 3.

Figure 4a shows the computed local pressurecontoursof the orig-
inal nozzle shape,which is deliveringa certain amount of thrust and
corresponds to the initial condition.Figure 4b shows the computed
� ow� eld corresponding to the optimized nozzle shape, which has
been designed from the original shape to satisfy the thrust delivery
constraint.Comparison of Figs. 4a and 4b shows that the optimized
nozzlehas a higherpressureat the entranceand a slightly lower pres-
sure in the region near the exit, and this results in a higher thrust for
thewholenozzle.The computationalsoshows that thenumberof ob-
jective function evaluations required has been reduced from 385 on
a single processor and on a multiprocessor for each processor to 81
on 4 processors,to 49 on 8 processors,to 34 on 16 processors,and to
21 on 30 processors.The convergencehistories of the optimization
by PSA2 algorithmon 1, 4, and 16 processors are shown in Fig. 4c.
The wall-clock time and speedup are shown in Fig. 4d and show
remarkable gains in speedup. Note that the optimized result on 16
or 30 processors is nearly the same as that obtained using a smaller
number of processors; the maximized objective function is 1.3929
on 30 processors and 1.3946 on 16 processors compared to 1.4028
on 8 processors,1.4066 on 4 processors,and 1.4068 on 1 processor.

General Comments on the Design Test Cases
The sensitivity of the converged values of the selected objective

function on the size of the computational mesh for the test cases
is demonstrated by carrying out the optimization on different grid
sizes. Figure 5a shows the in� uence of computational grid size on
the convergence of the � nal value of the target objective function
for case 1,

Ft .X / D 1

½0u2
0

Pt dx

The convergence is established under the criterion jFm C 1
t ¡ Fm

t j <
1:0E¡6 after m C 1 iterations.Figure 5b shows the in� uence of the

computationalgrid size on the convergenceof the � nal value of the
target objective function for case 2,

Ft .X/ D 1
P0

Pt dx

The convergence is established under the criterion jFm C 1
t ¡

Fm
t j < 1:0E¡6 of the � nal value of the target objective function.

Figure 5c shows the in� uence of computational grid size on the
convergenceof the value of the objective function for case 3 under
the convergence criterion jFm C 1 ¡ Fm j < 1:0E ¡ 6. The results of
case 3 are also valid to analyze case 4 because they have the same
geometryparameters.As the grid is re� ned the valuesof the selected
objective function do not show much differences, and from Fig. 5
one can extrapolate the � nal values as more grid points are added.
However, note that the use of more grid points results in greater
computationalcosts.

The optimized results on the multiprocessor is comparable with
those obtained on single processors for cases 3 and 4. However,
becausethe lengthof the subchainaffectsthe � naloptimizedvalueof
theobjectivefunction,a possibilityexists thatoptimizationdoneona
multiprocessormight be worse than that done on a single processor.
One possible way to overcome this possibility is to increase the
length of the subchain at the expenseof some loss in the speedup. It
can be seen from the precedingtest cases that, by reducingthe length
of the main chainand by introducingmore processors,the limitation
in speedup as encountered in cases 1 and 2 and the limitation in
performance as encountered in case 3 will be reached eventually.
Therefore, a reasonable number of processors should be chosen
to maintain higher speedup (or ef� ciency) of computer system to
achieve a satisfactory level of accuracy for the optimized results.
It can also be observed from the four test cases that as the number
of design variables pertaining to an optimization problem increases
(11 design variablesfor cases1 and 4 designvariablesfor cases2–4)
the length of the Markov chain must be increased, and this implies
that the length of the subchain is also increased,which implies that
more processors may be used ef� ciently in design calculations to
reduce wall-clock time.

Conclusions
Aerodynamic shape design of high-speed internal � ow using

state-of-the-art CFD methods for Euler/NS equations and parallel
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SA algorithms have been implemented on multiple processors in
this work. Design test cases considered in aerodynamic shape op-
timizations in which objective functions are evaluated with a CFD
solver and shapes are represented by suitable design variables via
parametric representations clearly demonstrate that the two modes
of the PSA algorithm, that is, PSA1 and PSA2, can remarkably
reduce the evaluations of the objective function on each proces-
sor and, therefore, reduce the calculation time (wall-clock time) for
the designoptimizationprocesson a coarse-grainedmultiprocessor.
PSA2 performs slightly better than PSA1 on multiple processors.
This preliminary study illustrates that it may be premature to con-
sider PSA as a robust approach for the design of complex design
problems and that the evaluations of objective function can be re-
duced nearly to the same order as that obtained by deterministic
methods because the ef� ciency of the PSA algorithms can depend
on the number of design variables used to de� ne the design space
and the number of processorsused. These outcomes may dependon
the type of design problem that is being solved. Whereas this work
demonstrates the feasibility of using a PSA algorithm for aerody-
namic design work, future work based on current work can include
detailed studies based on the effect of number of processors and
design variables on the performance of PSA approach, the combi-
nation of adaptive SA and hybrid optimizer to further enhance the
performance of PSA, and conduct more validation and application
tests for the complex single/multidisciplinaryproblems.

Appendix A: Standard SA Procedure
Start loop (1) for given temperature Tk

Start loop (2) for searching new solution at Tk

with a reasonable length of search (L) obtain
new solution and cost

function F, 1F = new cost - current cost
if 1F · 0 or e¡1F=T > random./

accept new solution and cost function F
end if

Continue loop (2)
Update Tk C 1 D ° Tk . If convergence criterion is satis� ed,

terminate loop (1)
Continue loop(1)

Appendix B: PSA Procedure
Initial multiple processors
Generate different random seeds for each processor
Start loop (1) for given temperature Tk

Start loop (2) for searching new solution at Tk

set the length of subchain Lc ¼ L=p
obtain new solution and cost function F
1F D new cost - current cost
if 1F · 0 or e¡1F=Tk > random./

accept new solution and cost function F
end if
if the acceptance ratio · Rt
(start PSA2 and stop PSA1)

Randomly gather the accepted solution from
each processor

Reset the length L c D L
(end PSA2)
end if

Continue loop (2)
(start PSA1)
Collect information from each processor, choose

the best cost function F
and solutions; each processor starts from the best solution
(end PSA1)
Update TkC1 D ° Tk

If convergence criterion is satis� ed, terminate loop (1)
Continue loop(1)
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